In this article we establish a model of economic growth. The model is a dynamic one, its dynamics being generated by an objective to be reached. We take into account physical as well as human factors.
INTRODUCTION
Generally, the manager of an economic productive system has to face two problems : -Establishing what to produce and in what quantities, according to his interest, prices, etc.
-Meeting the above productive objectives.
The model we construct deals with the second problem, which should be solved not only by a state planned economy but by an individual company in a free market economy, as well.
Our study is a contribution to a mathematical explanation (based on the model we shall develop) of some phenomena accompanying a planned economic growth. This includes the question of why this kind of development may lead to different degrees of success, as was observed, for instance, in the two cases mentioned above (i.e., state planned economy vs individual company).
From a technical point of view, the dynamics of the model are generated by a tendency to fulfill productive objectives. Also, the model is a continuous one and "methodologically" related to the Walras-Leontief system in [l] .
From an economic point of view, we have obtained, via the mathematical analysis of the model, some conclusions which are compatible with 417 real-life observations. These conclusions concern realistic ways of choosing objectives, necessary relations between the growing rates of the industries involved. etc.
THE VARIABLES OF THE MODEL
We shall consider an economic system in which only one consumption good (commodity) is produced, with the help of only one capital good (machine) and only one factor of production (labour, natural resources, etc.). Then, the variables of the model are:
t E R + -the time variable; the initial moment is 0. x(t) E R + -the quantity of consumption good (this "ceases" to exist once it is used up in production or consumption), produced at the moment t. y(t) E R + -the quantity of capital good (this is a "productive asset" which enters production more than once), produced at the moment t. u(t) E R + -the quantity of factor of production (this is not produced but rather is consumed during the production), available at the moment t. u,(t)~R+-the consumption objective for the consumption good, at the moment t. uz(t) E R+ -the production objective for the consumption good, at the moment t. e(t)E R+-the quantity of consumption good available for final consumption, at the moment t. z(t) E R + -the quantity of capital good produced until the moment t. n(t)c R+-the fraction of the capital good (produced at the moment t) which is transfered into production, in a time unit (i.e., a speed of transfer). w(t) E R, -the quantity of capital good which is replaced at the moment t.
Remark. There are no price variables since, for the time being, we study the internal capability of growth of the system.
We also use an input-output matrix, M. g= the quantity of factor of production used up per unit of capital good.
We assume that the elements of A4 are nonnegative and that a < 1, c > 0, d>O.
PRODUCTION HYPOTHESES
(iI) The program u1 is established by the manager of the productive system.
(iz) The rate of increase of the production of the consumption good is proportional to the degree of nonfulfillment of the consumption objective (Ul).
(i3) The rate of increase of the production of the capital good is proportional to the degree of nonfulfillment of the necessities of capital good required for the achievement of the production objective (uz). Remark 1. By the hypotheses (iz) and (i3) we expressed the fact that the purpose of the system is not the production itself, but rather is the fulfillment of a consumption objective (u,) by means of a production objective (uz). Remark 2. There is a feedback built into the system by the hypotheses (i2) and (i3).
WORKING HYPOTHESES
(i4) The capital good and the factor of production are freely transferable from one industry to another.
(is) For u2 we adopt the formula
where r>O can be considered as an "intensity of growth."
Remark. The last hypothesis is a simple way of expressing, also by feedback, the following natural dependence of u1 on u,, e, and x:
242 > x if e<u, u2 = x if e=u, u2 < x if e>u,.
THE DYNAMICS OF THE MODEL (PART 1)
We establish three differential equations. The first two represent the manager's strategy (embodied in the hypotheses (iz) and (is)) to fulfill the objectives.
To write the first equation we compute the degree of nonfulfillment of the consumption objective. Thus, the quantity of consumption good produced at the moment t, x(t), is distributed between the productive consumption (to produce x(t), y(t)) and the final consumption (e(t)). Then x(t)=ax(t)+by(t)+e(t).
(
Hence the degree of nonfulfillment of the consumption objective u,, at the moment t, is
ul(t)-e(t)=u,-(x(t)-ax(t)-by(t)).
Then, according to (i2),
Here H can be considered as a "speed of adjustment" of the actual production x to the objective u 1.
To write the second equation we compute the degree of nonfulfillment of the necessities of capital good required for the achievement of the productive objective. Thus the quantity of capital good ready for production at the moment t, F(t), is distributed between the production of capital good and that of consumption good. Then, by (id),
where Z(t) is the maximum quantity of capital good available at the moment t for producing consumption good. (We assumed here that the excess of capital good was allocated to the production of consumption good.) Now we can see that we shall consider IZ a constant ( < 1) so this formula becomes
Hence the degree of nonfulfillment of the necessities of capital good required for the achievement of the production objective u2, at the moment t, is
Thus, according to (i3), the second equation of the model is
3(t) = UC%(t) -h(t) -h(t))).
Here, L can be considered as a "speed of adjustment" of the actual production y to the objective cu2. The third equation gives the rate of increase of the total quantity of capital good:
Summarizing and using (i,), we obtain the dynamical system i = H(u, -(x -(ax + by))) (4) j = L(cr(u, -(x -(ax + by))) + (cx + dy -nz))
i=y-w.
6. THE CONSTRAINTS OF THE MODEL These are conditions for the "physical realizability" of the production. Now x, y, z represent actual productions if at each moment they are nonnegative, together with the quantity available for final consumption. Also, the quantity of capital good and factor of production needed for the production of consumption and capital goods must be available at each moment. Now, using (1) 
fx + gy 6 0.
Remark. The inequality (9) (and similarly (10)) is obtained as follows: the capital good required for producing the consumption good x is cx; by (i,), it is available if cx < nz -dy. (The same is true if we start with y.)
We should also note that the natural inequality ZQ Z holds because of (2) and (7).
THE DYNAMICS OF THE MODEL (PART 2)
We now modify the dynamical system of Section 5, so as to express also some natural limitations on the manager's strategy. In this way the model becomes more realistic, but nonlinear.
The equations (4) and (5) express the advancement of x and y towards a goal (ui , ZQ). However, this advancement should not be determined only by the goal, but also by the means available to achieve it.
More precisely, the increase in x and y has to depend also on the reserve of capital good, ready for production at the moment t. Using (3) and (id), we formulate this in the working hypothesis:
Here, of course,
Remark. A hypothesis similar to (i6) should exist also for the reserve of factor of production. However, since we study the internal capability of growth of the system, we consider that unlimited resources are available (v = 00). Therefore there is no need for such a hypothesis, for the time being.
Then the dynamical system (4), (5), (6) becomes i = h(nz -cx -dy)(u, -(x -(ax + by))) (4') 3 = Z(nz -cx -dy)(cr(u, -(x -(ax + by))) + (cx + dy -nz)) (5') i= y-w.
(6') Comment. The coefficients h, 1 are not control parameters for the manager of the system. If they were, he could have obtained arbitrarily large increases of x and y, in an arbitrarily small interval of time, merely by the power of his will (h, Z, ul). But this fact has not yet been noted.
That is why we suggest that h, 1 describe the human factor with his unique capacity of creative work, but with its own inertia. Thus, h, 1 may depend on the utility of the consumption objective (u,), on the quality of the management (e.g., the choice of r), on the stimulation of the work motivation of the employees (e.g., by the way of repartition of the final consumption, e), etc.
So even though the manager of the system cannot prescribe the coefficients h, 1, he can still influence them indirectly, e.g., by wages. Thus, it is here, in the structure of h and 1, that the prices may enter the model.
A NATURAL PROBLEM ASSOCIATED WITH THE MODEL
It is believed that the manager of the system has to face the following:
Problem. How should h, 1, r be, in order that the consumption objective (~4~) is fulfilled between "reasonable" limits, for all t 2 0, while the constraints (7)-(10) are satisfied also?
We shall study.the evolution of the degree of fulfillment of the consumption objective
P(t) = ul(t) -e(t) = ul(t) -(x(t) -(ax(t) + by(t))).
Assuming a smooth u,, we do this by using the dynamical system p= -((a-l)h+blcr)qp-b61q2+ti, (4") Q= -(ch+dlcr)qp-dq2-ny+nw (57 j = -lcrqp -142, (6") obtained from (4'), (5'), (6'), with q(t) = cx(t) + dy(t) -nz(t).
9. SOME MATHEMATICAL PROPERTIES OF THE DYNAMICAL SYSTEM (4"), (5"), (6") IN A PARTICULAR CASE
The particular case we shall study is: h, I, r, ti,, w, n are time independent. We recall that h # 0, I # 0 (see (11)).
We have established the following properties (the proofs are in the Appendix).
(1) lim,,, p(t) = finite if and only if the state (p(t), q(t), y(t)) of (4"), (5"), (6") tends to an equilibrium.
(2) The equilibria of this dynamical systems when ti, #O are
(3) The subcase ti, >O. (iii) If at least one of the above inequalities is reversed, the equilibrium (12) is unstable.
(iv) The equilibrium (12') is unstable since the inequalities (*) and (**) in the Appendix are contradictory.
(4) The subcase ti, -C 0.
(i) The equilibria (12) and (12') exist if and only if h < 0.
(ii) The equilibrium (12) is unstable because the inequalities (*) and (**) in the Appendix are contradictory.
(iii) The equilibrium (12') is a sink if and only if the inequalities from (3ii) are reversed. Of course, pi has to be replaced by p2. Remark 2. According to [2] , the stability results in this section can be extended to slowly time varying h, 1, r, til, w, IZ, provided the sink conditions are satisfied for every t 2 0. Of course, the trajectory will then follow the "moving" sinks.
ANSWER TO THE PROBLEM IN THE PARTICULAR CASE
(1) tir > 0. The consumption objective can be fulfilled for all t > 0 with an error of order ,/&, provided ti, and ~~(0) are not arbitrary, but rather are limited by the system. The constraints (7)-( 10) also will be satisfied.
Indeed, since z,, is the real initial condition in the system, by choosing a small enough w and ti, , we can obtain
Moreover, q(O), y(O) can be made arbitrarily close to q1 and y, in (12), just as p(O) can be made close to p, with a suitable choice of u,(O). Now if h, Z, r satisfy the condition (3ii) of Section 9, (pl, ql, y,) becomes the only asymptotically stable equilibrium (see (3iv) in Section 9). By the choice of (p(O), q(O), y(O)), one can conclude that the consumption objective is fulfilled for all t ~0, with an error of order & (see p1 in (12)). Moreover, we obtained also that At) >O? q(t) < 09 p(t) > 0 Vt>O. Therefore, the constraints (7k(lO) will be satisfied too:
x(t) > 0 since i > 0 (see (4')), e(t) > 0 since x is increasing and y(t) stays "close" to y, , z(t) > 0 since q(t) < 0, the constraint (10) since u = cc (see the Remark in Section 7). Remark 1. It follows from what we just showed that the initial conditions of (4") (5") (6"), which lead to a solution of the problem, will form a neighborhood of the sink (12). Remark 2. One cannot do better than obtaining an error of order fi for the consumption objective. Indeed, this comes from property (1) in Section 9 and p, in ( 12).
However, ti, may be subject to an optimization problem (e.g., how to choose ui knowing that a bigger zi, means following a faster growing ui but with less accuracy).
(2) zii < 0. The problem of Section 8 has no solution. Indeed, the constraint (9) is violated (see q2 in (12') and properties (4ii) and (4iii) in Section 9).
Remark 3. It is, of course, easy to satisfy decreasing objectives. What we showed, in fact, is that if one persists for a long time in "achieving" decreasing objectives, this will lead to the violation of the constraints of the system (9) ((7) too), i.e., to "paralysis".
(3) ti, = 0. This case needs a special study, which we will not do here.
CONCLUDING REMARKS
The model we developed in this article captures mathematically some significant real-life observations. The first two observations refer to conditions of a successful employment of this type of model.
1. An exaggerated emphasis on the means (capital good) compromises the achievement of the goal (consumption objective), as can be seen from the third inequality in (3ii), Section 9. This inequality shows the possibility of a bifurcation.
2. Even though the manager of the productive system has the power to choose the consumption objective (see hypothesis (ii)), some managerial skill is needed. Indeed, not only is the system unable to follow a too "big" ui, but the parameters affected by the human behaviour (h, 1) also have to be maintained within certain limits, if one wishes to achieve the consumption objective (see (1) in Section 10, (3ii) in Section 9, and the Comment in Section 7).
3. What is perhaps most surprising is that the answer to the problem (in Section 10) shows an asymmetric behaviour of the system concerning the sign of ti,. More precisely, it seems that the internal structure of a productive system (oriented toward objective satisfaction) calls for growth (zii > 0). This is in spite of the hypotheses on with the model was based, which are perfectly symmetric about growth or decay in ui.
